Designing the optimal quantum cloning machine for qubit case 
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Following the work of Niu and GrifBths, in Phys.Rev.A 58, 4377(1998), we shall investigate the 
problem, how to design the optimal quantum cloning machines (QCMs) for qubit system, with the 
help of Bloch-sphere representation. In stead of the quality factor there, the Fiurasek's optimal 
condition, where the optimal cloning machine should maximize a convex mixture of the average 
fidelity, is used as the optimality criterion in present protocol. Almost all of the known optimal 
QCMs in previous works, the cloning for states with fixed polar angle, the phase-covariant cloning, 
the universal QCMs, the cloning for two arbitrary pure states, and the mirror phase-covariant 
cloning, should be discussed in a systematic way. The known results, the optimal fidelities for 
various input ensembles according to different optimality criteria, are recovered here. Our present 
scheme also offers a general way of constructing the unitary transformation to realize the optimal 
cloning. 

PACS numbers: 03.67.Lx 



I. INTRODUCTION 

One of the fundamental no-go theorems in quantum 
mechanics is the no-cloning theorem[l]. It is easy for 
us to make an arbitrary number of copies of any types 
of information which arrive a classic channel. Hovifever, 
if the information is encoded in terms of nonorthogonal 
quantum states, to copy or clone the information which 
arrives over a quantum channel is not possible without 
introducing errors. Instead of obtaining perfect copies, 
the idea of imperfect cloning was introduced by Buzek 
and Hillery who construct the first quantum cloning ma- 
chine (QCM)[2]. Their work triggered an explosion in 
the number of investigations on quantum cloning. 

The fist QCM, which was introduced by Buzek and 
Hillery for qubit case, is now known as the symmetric 
1 — > 2 universal quantum cloning machine (UQCM), a 
terms comes from the fact that it copies equally well 
all the pure state. The first study of non-universal or 
state-dependent symmetric 1 — >■ 2 cloning, which is to 
clone at best two arbitrary pure states of a qubit, has 
been given by Brufi et al. [3] . The best- known example of 
state-dependent QCMs are the so-called phase-covariant 
QCMs, which are defined as the QCMs that copy at best 
states whose Bloch vector lies in the equator of the Bloch 
sphere [4]. As an generalization of the phase-covariant 
cloning, the problem of cloning to qubits, where the Eu- 
ler angle 6 is specified and fixed, has been introduced 
by Kairimipour and Rezakhani [5]. For this case, the 
optimal 1 — > 2 QCMs were derived by Fiurasek [6]. Re- 
cently, Bartkiewicz et al. provided an optimal doner for 
the qubits with known sin 9 [7] . On contrary to the sym- 
metric 1 — > 2 QCMs, where the outputs have the same 
fidelities, the asymmetric 1^-1 + 1 QCMs could offer 
copies with different fidelity. For qubit case, Niu and 
Griffiths derived, in particular, the optimal asymmetric 
UQCM in their comprehensive study [8]. The same result 
was found independently by Cerf who used an algebraic 
approach [9,10]. A quantum circuit approach was pur- 
sued by Buzek, Hillery and Bendik [11]. 



Our present work originates from the open question, 
which has been emphasized in the review article of 
Scarani et al. [12], that there is no general result con- 
cerning state-dependent cloning and the zoology of cases 
is a priori infinite. It is an interesting task for us to find 
a solution for this open problem. Following the work of 
Niu and Griffiths in [8] , we shall investigate the problem, 
how to design the optimal quantum cloning machines 
(QCMs) for qubit system, in the Bloch-sphere representa- 
tion. In stead of the quality factor there, the Fiurasek's 
optimal condition, where the optimal cloning machine 
should maximize a convex mixture of the average fidelity, 
is used as the optimality criterion in present protocol. Al- 
most all of the known optimal QCMs in previous works, 
the cloning for states with fixed polar angle, the phase- 
covariant cloning, the universal QCMs, the cloning for 
two arbitrary pure states, and the mirror phase-covariant 
cloning, should be discussed in a systematic way. The 
known results, the optimal fidelities for various input en- 
sembles according to different optimality criteria, are re- 
covered here. Our present scheme also offers a general 
way of constructing the unitary transformation to realize 
the optimal cloning. 

Our present paper is organized as follows. Section II 
is a preliminary section. The argument, how to choose 
the basis and express the Pauli operators according to 
it, is given at the beginning of this section. After in- 
troducing the Bloch vector transformation for the de- 
scription of QCMs, we shall develop a general scheme 
to find out the optimal fidelities for various input en- 
sembles by applying the Fiurasek's optimal condition. 
As the two non-centered asymmetric phase-independent 
QCMs, the cloning for states with fixed polar angle and 
the phase-covariant cloning, should be discussed in Sec. 
III. Two centered phase-independent examples, the uni- 
versal QCMs and the mirror phase-covariant cloning, can 
be found in Sec. IV. The phase-dependent problem, 
cloning two arbitrary pure states, is solved in Sec. V. 
Finally, some discussion about our results and a short 
conclusion, will be given in the last section. 
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II. PRELIMINARY 
A. The Bloch-sphere representation 

We use S to denote the set of pure qubit states to 
be cloned. For each G S, \tp) = a\0) + /3|1) with 
|a|^ + |/3p = 1, the distribution function q{a, (3) should be 
known, q{a, (3) > and Jg q{a, /3)dT = 1 with Jg dr for 
measure. At first, we introduce a density matrix decided 
by 5, 

PS= I m{^\q{a,p)dT, (2.1) 
Js 

and calculate its eigenvalues and eigenvectors, 

Ps|t) = ^|t),PsU) = ^U). (2.2) 

After introducing the new basis with its vectors as | f) 
and I I), we can define the identity operator and Pauli 

matrices, 

i=lt)(tl + U)UI,^. = lt)UI + U)(tl, 

ay = -i\ t)a I + i\ i)(t = I t)(t I - I i)a I, (2.3) 

Now, every state (pure or mixed) p for qubit case, can 
be expressed by 

p=i(I + a.r), (2.4) 

where r is a three-dimensional real vectors, r = 
{rx,ry,rz), with defined by 

n = Tr(aip), (2.5) 

Specially, the pure state lip) is described by the unit vec- 
tor n{9,(l)) = {nx,ny,nz), 

Tlx = sin cos (f), riy = sin sin = cos 9, (2.6) 

with and (j) the polar and azimuthal angle in the Bloch 
sphere. Notice X^^n? = 1. Considering the fact that 

\^|;){4,\ = ^{I + a■n) (2.7) 

and 

|V)=cos^|t)+sin^e-'^U), (2.8) 

is equivalent with each other, we can rewrite S, the set of 

states to be cloned, in the way like S : {n{9 ,(/)), q{9 , (j))} , 
where q{0, <p)dT = 1 with the measure Jg dr = 

sin 0d0d(j). Why the identity operator and 
Pauh operators are defined by the basis {| t)) I i)} rather 
than the original basis {|0), |1)}? The reason is that: ac- 
cording to Eqs. (2.3-5), the density matrix ps in Eq. 
(2.1) can be written as 

ps = ^{I + Xa,) (2.9) 



where its components, along the x and y directions, take 
the value of zero, 

/ Tr{aj\^){i;\)q{e,cP)dT = 0, (2.10) 

where j = x, y. 

Usually, we use p"^ and p^ to denote the two copies of 
cloning, and and for their corresponding vectors 
in the Bloch-sphere representation, 

p'= = i(I + a.r-*), (2.11) 

where k = A,B. Taking \tl)) as the input for QCM, the 
single-copy fidelity is found to be 

F^ = l{l + r*-n) (2.12) 

which just depends on the inner product of two vector r* 
and n. The average fidelity can be defined as 

/ F^q{eA)dT. (2.13) 

Other parameters, which characterize a given set of 
pure states, are the so-called averaged length nl 

n-i= [ niq{9,(t>)dT, (2.14) 
Js 

and the fluctuation , 

^= j n1q{e,cl>)dT, (2.15) 
Js 

where the parameters rn with i = x,y,z, are defined in 
Eq. (2.6). In general, (n^)^ ^ nf. A frequently used rela- 
tion, n| = 1, can be derived from the unit condition 
of rii in Eq. (2.6). Using Eq. (2.10), one may get 

= % = 0. (2.16) 

In other words, by properly choosing the operators in Eq. 
(2.3), we have only four parameters, with (i = x, y, z) 
and nj, for characterizing S to be cloned. 

B. Description of the QCMs in the Bloch-sphere 
representation 

Following the work of Niu and Griffiths [8], we shall 
describe the QCMs in the Bloch-sphere representation. 
We prepare the initial state of the system with p and 
denote the state of the environment by penv, the QCMs 
can be viewed as a unitary transformation U coupling p 
and Penv together, 

pOPenv -J> J7(/3«)Penv)J7'''. (2.17) 
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The two final copies of cloning, say, p"^ and p^, can be 
get by performing the partial trace over the environment, 
Tre„v[i7(p0penvC/1. Formally, p'' = Ern^inPiEl^V with 
J2miEm)''Em = ^ [14,15]. With f the Bloch vector for 
the input p and f* for the outputs p'' , there exists a map 



■6^ 



(2.18) 



where M*^ is a 3 x 3 real matrix, and (5^ is a constant 
vector. This is an affine map, mapping the Bloch sphere 
into itself [14]. 

As one of the main results of present work, we shall 
design a series of QCMs with 



mation in Eq. (2.19), 



COS — sin — (cos — cos — + sin — sin — ) 



/3 



+ sin — cos — (cos — COS — + sin — sin— ), 
2 2^ 2 2 2 2 " 







cos — sin — (cos — cos — — sin — sin — ) 



/3 



/3 



+ sin — cos — (cos — COS — —sin — sin— ), 
2 2^ 2 2 2 2 

1 

2* 



U L , o Ol .2"-* If 

Vz — t; ("^os — cos p + sm — cos 7 



a 
2 



a 



■ cos — cos /3 + sin — cos 7 ) 



0^ = - (cos — COS p + sm — cos 7 



77^ 
r,^. 




(2.19) 



where both the matrices, and in Eq. (2.18), 
are diagonal at the same time, while the shifts, 5^, 6y, 
5^ , and 6y , take a value of zero. As it is proven in 
appendix Al, the unitary transformation U, which takes 
the forms in below equations, is able to realize the vector 
transformation defined in Eq. (2.19), 



?7|t) -5- cos^|u+)ABO|t)c + sin||u+)AsOU)c, 
U\i) cos-\u-)ab <»\ i) c + sin -\v-)ab <»\t)c, 



where we suppose that the copies lie in the two- 
dimensional space A and B after the action of U and the 
space C for the output state of ancilla. One may check 
that U\ t) and U\ \.) are orthogonal under the condition 
that {u±\v±) = 0, 



2 n ■2'^ ~k\ 

■ cos — cos p — sm — cos 7 ), 
2 2 ' 



where the the denotations, 



A ~ A ~ 

1 = 7, 7 = 7, 



7 



TT - 7, 7-^ 



7r-7, 



(2.21) 



(2.22) 



were used here for writing the results in appendix Al into 
the compact form of Eq. (2.21). It should be noted that 
the U{uj) of Eq. (2.20) is defined by the basis vectors, \ t) 
and ID, in Eq. (2.2). For cloning the set of pure states 
5, by joining Eqs. (2.12-16) and Eq. (2.19) together, the 
average fidelity in Eq. (2.13) should be 

F\i^) = l{i + nl^ + n';'^ + n^^ + 5ln;) (2.23) 

with k = A,B. Both the averaged length n7 and nf are 
just decided by S, the set of states to be cloned. 

For a given case of cloning, the way of realizing the 
optimal fidelity may be not unique [12]. Our general uni- 
tary transformation in Eq. (2.20), as we shall show with 
a series of examples, offers a sufficient and systematic 
way for designing the various kinds of optimal QCMs for 
qubit system. 



\u+)ab = cos-l t)A| t)B + sin-| 

\u-)ab = sin^l t)A| t)B +cos^| 4)a| -Db, 
\v+)ab = cos|| t)^! 4)b +sin|| 4,)^! t)s, 
\v-)ab = sin|| t)A| i)B + cos ^1 1)^1 t)B.(2.20) 

We use Wj denote one of these free parameters, uJi € 
{a, a, /3, /3,7, 7}. According to the calculation, which is 
carefully done in appendix Al, the U{uj) in Eq. (2.20) 
is shown to be consistent with the Bloch vector transfor- 



C. The optimal QCMs 

In present work, we shall show that the optimal QCMs, 

which have been designed by different optimality criteria, 
for examples, the global fidelity in [3], the quality factor 
in [8], the no-cloning inequality in [9-11], etc., can also 
be designed by the Fiurdsek's optimal condition [6,13] 
where the optimal asymmetric cloning machine should 
maximize a convex mixture of the average fidelity F"^ 
and F^, 

F{u)) = pF^{Lo) + (1 - p)F^{io), (2.24) 

in which p G [0, 1] is a parameter that controls the asym- 
metry of the clone. With the average fidelity in Eq. 
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(2.23), considering the fact that the averaged length 
and n? have been decided by S, to design the optimal 
QCMs is equivalent with finding out the the optimal set- 
tings of LO which satisfy the partial equations 



du)j diOj dujj 



(2.25) 



As an important case of Eq. (2.24), the optimal sym- 
metric cloning should maximize the function. 



F(c.) = -(F^(u;) + ^^(u;)), 



(2.26) 



where p = 1/2 [6,13]. With the denotations rji = \{rj^ + 
ryf ) and 5,, = \{5j + (5f ), we express F{uj) in Eq. (2.26) 
with F[uj) = i(l + ■q^n1 + SztT^) and prove that the 
relations, ^ a sin(^ — ^) and ^ a sin(^ "2)' always 

hold without considering the actual values of nf and 717 
for a given S (see appendix A2). In other words, for the 
symmetric QCMs, the parameters 7 and 7 are fixed. 



7 = 7 



77 

2" 



(2.27) 
^ and 



Putting it back into Eq. (2.21), we find 77/ 
5f = 5f, the two copies now have the same fidelity, F;^ = 
F^, as they should be. In conclusion, the designing of 
symmetric QCMs can directly start from 

F(w') = 1(1 + J2ni'^^+S,n;). (2.28) 

i 

Under the condition in Eq. (2.27), we find the relations, 
rji = rjf = rjf and 5z — 5"^ — 5f , with the parameters 

a . a .TT /3. .a a .tt (5. 

ri = cos — sm — cosi ) -|- sm — cos — cos( ), 

2 2 M 2' 2 2 M 2' 

a . d ,TT P , , a a .n /3 
Vv = cos-sm-cos(- + -) + sm-cos-cos(- + -), 

Vz = i(cos^ ^cos/3 + cos^ ^cos^), 



O2 = -(cos — cosp — COS — cosp). 



(2.29) 



There are four variables, € {a, a,/3,/3}, left here, 
their optimal settings should be decided by the equations 

dFju') _ 



A QCM is called phase-independent if rf^ = 77^ because 
that the single-copy fidelity is now clearly independent 
of the phase (p. Usually, the phase- independent QCMs 
should appear in the cases with = riy. A short dis- 
cussion shall be applied here to show why this happens. 



For the S with n'i 



introducing the denotation 



V± = ^{Vx +Vy)j we rewrite the average fidelity as 



nl)+r,^znl+5'zn;]. (2.31) 



The expression of 77^ can be get from Eq. (2.21), 77^. 



cos ^7 sin ^7 cos 7^ cos 75- -I- sin cos cos 4 cos ^ . From 



2 '^"^ 2 ^^'^ 2 ^^'^ 2 ' 2 2 ^""^ 2 2 



it, dr]'l/dp 



2 cos ^ sin ^ sin ^ cos ^ and drj^/dfi = 
— i sin ^ cos ^ sin ^ cos For the -q^ and 5^ defined 
in Eq. (2.21), one may also get drf'JdP = 86^/8/3 = 
-cos^f sin/3 and d-q^/dp = -d5^/dj3 ~ — cos^f sin;3. 
By joining these results together, we find the average 
fidelity in Eq. (2.31) with ^ ex sin f and ^ oc sin |. 
According to the optimality equation in Eq. (2.25), the 
optimal settings of /3 and j3 can always be chosen as 



/3 = /3 = 
for cloning the set of states with n| 



(2.32) 
Putting 



^ = ^ = in Eq. (2.21), it can be seen that the transfor- 
mation elements, 77^ and 77^, now take a same expression, 
7]^ = 77,y = r]\. Other elements, 5^ and rj^, can also be 
simplified by /3 = = 0, 





a a 
= cos — sm — cos 
2 2 




rh 


■2^-2 

= 1 — sm — sm 
2 


Y ~ 


51 


• 2 a •27'' 
= sm — sin — • 

2 2 


- sin' 



a a 7 
sm — cos — cos — 
2 2 2 

■ 2 -2!^ 
sm — sm — , 

2 2 



a 



^2T 

2 



(2.33) 



Putting F'' in Eq. (2.31) with the above parameters back 
to the optimal equation of Eq. (2.25), there are only four 
parameters, luj G {a, a, 7. 7}, to be decide there. 

As we shall show later, almost all of the QCMs known 
yet are phase- independent. Certainly, a QCM is phase- 
dependent if 77^ 7^ ?7y • In short, a QCM is called centered 
if (5j = 0, else, it is called non-centered. 



D. Classification of the QCMS 

Here, we make a simple classification of the QCMs ac- 
cording to the Bloch vector transformation in Eq. (2.19- 
21). Using Eq. (2.19) and Eq. (2.12), we have the single- 
copy fidelity, 

F^ = ^{l+r]^sm^ecos'^cl) + r]^sm'^esm'^(p 

+r]1cos'^0 + 6lcos0). (2.30) 



III. NON-CENTERED PHASE-INDEPENDENT 
CLONING 

A. The set of sates with fixed polar angle 

Consider a given set of states, \tp) = cos|| t) + 

sin le^*"^! D, where the polar angle is fixed as 9, < 6 < 
7r/2, while the azimuthal angle is arbitrary, € [0, 27r]. 



FIG. 2: The effect of the amphtude damping on the Bloch 
sphere, for r*— >■ (^^rx, -^ry, |(1 + r^)^ . Note how the entire 
sphere shrinks to the north-pole. It is the optimal symmetric 
QCM for cloning the states in FIG. 1. 



FIG. 1: The set of pure states with the Bloch vectors, 
(sin cos 0, sin 9 sin (j), cos 9), where the polar angle has a given 
value 9 while the azimuthal angle is arbitrary. 

Its Bloch representation can be seen in FIG. 1. A simple 
calculation shows 

?I7 = cos 9, nl = 1^l = sin^ 9, n1 — cos^ 9. (3.1) 

The optimal symmetric cloning for this case has been 
given in [6]. Here, its optimal asymmetric cloning is 
found with the settings 

/3 = /3 = a = 0,(5 = 7r (3.2) 

according to the results in Appendix Bl. The unitary 
transformation U takes the form, 

c/|t) ^ in)it), 

U\i) ^ (sin ^ I n) + cos ^ I it)) It), (3.3) 

which comes from the general unitary transformation 
of Eq.(2.20) with the the optimal settings given at Eq. 
(3.2). The transformation matrix elements in Eq.(2.21) 
now become 

5l = sin^ , ^ cos ^ , Tyf = cos^ t- . (3.4) 
The average fidelities in Eq. (2.31) are also known, 

-(I + cos - sin^ 9 + cos^ - cos^ 9 + sin^ - cos^), 
2^ 2 2 2 ' 

= -(I + sin - sin^ 9 + sin^ - cos^ 9 + cos^ - cos^). 
2^ 2 2 2 ^ 

(3.5) 

The parameter7 in above equations should be decided by 
the asymmetric parameter p, 

cos ^ sin^ 9 + sin7(cos^ 9 — cos 9) 

p = — = 5"^= = ^, 

(cos ^ + sin ^ ) sin 9 + 2 sin 7 (cos^ 9 ~ cos 9) 



according to the partial equation pdF^/d^ + (1 — 
p)dF^/d^ = in Eq. (2.25). For the symmetric case, 
where p = 1/2, the optimal setting of 7 is 7r/2 as it should 
be. 

As an interesting result, it is found that the vec- 
tor transformation defined by Eq. (3.4) is just the so- 
called amplitude damping (AD) known in [14]. Defining 
£Su(rt = i5oV(B„*)' + Bt(>(i5f)', 

where 7^ = 7, 7^ = tt — 7, and k — A, B, we may verify 
that the two expressions, the vector transformation of 
Eq. (2.19) with its elements given by Eq. (3.4) and the 
amplitude damping defined above, are equivalent with 
each other. The effect of the amplitude damping on the 
Bloch sphere can be seen in FIG. 2 [14]. 

Furthermore, let 7 = 7r/2 according to p = 1/2, we 
have the optimal symmetric fidelity from Eq. (3.5), 

F - i[l + ^ sin^ 9 + i(cos^ 9 + \ cos9\)i (3.7) 
the result which has been given in [6] . 

B. The phase-covariant cloning 

The so-called phase-covariant QCMs were first intro- 
duced in the problem of cloning the set of states, \tjj) = 
^(1 t) + e""^| t)) with (j) taking arbitrary values [4,16]. 
In present work, the same problem is concerned on follow- 
ing two aspects: the method of deriving it by using the 
Fiurasek's optimal condition and its relationship with the 
well-known generalized amplitude damping (GAD) [14]. 

The set of the states, which lie in the equator of the 
Bloch sphere, are characterized by following averaged pa- 
rameters, 

= nl ^ ^,n^ ^ nl ^ 0. (3.8) 
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Follow the argument in Appendix B2, the optimal set- 
tings for the free parameters in Eq. (2.22) are chosen to 
be, 

/3 = ^ = 0,a = 7r-a,7 = 7, (3.9) 
according to it, the unitary transformation has the form, 

C^l t) ^ cos || nt) + sin I (cos ^1 U) + sin || it)) I i), 

U\ i) ^ sin 1 1 U;> + cos I (sin 1 1 fi) + cos || it)) I t), 

where a takes an arbitrary value. The transformation 
matrix elements should be 



k -cos^,r/^ =cos2^,(5^ =cosasin2l-. (3.10) 



Jointing it with Eq. (2.31), the average fidelity is found 
with 

= 1(1 + cos |), F^ = \{1 + sin |). (3.11) 

One may also verify that = . The result, which 
has been derived by Niu and Griffiths in [16], is recovered 
here. Certainly, the average fidelity in Eq. (3.11) can also 
be written in the equivalent form where p acts as the free 
variable. Applying the optimal equation, — ^' (1 ~ 
p)^=0,wefind 



7 

cos — = 



p 



1-p 



. 7 

Sin ^ " 

2 ^(l-p)2+p2' 2 ^(l_p)2+p2' 



and get the fidelity. 



1 



(1 



F^ = -(1 



^(l_p)2+p2 



)■ 



(3.12) 



Interestingly, we find the vector transformation with 
its elements in Eq. (3.10) to be the so-called generalized 
amplitude damping Sq/^j^ with operator elements [14], 
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El 



" 1 \ „k a / sin ^ 

cos - ] , E7 = cos - " 2 

2^0 cos ^y'^ 2^0 



sin^f ^0^1 0V£3^=sin^, 

2V I r ^ 2Vsin^rO 





2 



where 7^ = 7, 7^ = tt — 7. In FIG. 3, a vector trans- 
formation, r — )• {^Tx, -^Ty, J + \rz), is depicted as an 
example for eqad- 



IV. CENTERED PHASE-INDEPENDENT 
CLONING 



sphere with equal probability. This problem can be char- 
acterized by 



^ 1 — ^ 



(4.1) 



with i = x,y,z. According to the calculation in appendix 
B3, we find the optimal settings. 



7 = 7, ^ = = 0, a = a, 
where a and 7 are decided by p, 
1 



(4.2) 



a 

cos — = 
2 

7 

cos — = 



. 0/ 
: , sm — 



P 



■ 7 
, sm — = 





2p + p2 




- p + p'^) 


1 


-p 




-2p+l' 



(4.3) 



The unitary transformation, with the above optimal 
settings, is known 

U\ t) ^ cos || ttt) + sin I (cos || tt) + sin ^1 it)) I i), 
U\ i) ^ cos || iii) + sin I (sin || ti) + cos || it)) | t)- 



Its transformation elements should be 



Vi 



P B 

,2 ' 



1-p+P 



1 — P + p"^^ 



(4.4) 



while = 0. From Eq. (2.30), the single-copy fidelities 

should be 



which saturate the no-cloning inequality 

^(1 - F^){1 - F^) >\-{l- F^) - (1 - F^). 

Certainly, F*^ = since the equal probability for each 

\'4>)- The special transformation of Eq. (4.4), is already 
known to be the depolarizing channel [8,10] 

B. Centered symmetric phase-independent cloning 

For the set of states with 

^ = ^,^>0,nl=0, (4.6) 

the optimal symmetric QCMs can be easily designed be- 
cause there are four parameters already decided. 



1 



1-p 



A. The universal cloning 



7 = 7=7T./3 = /3 = 



(4.7) 



A QCM is called universal if it copies equally well all 
the pure states |^) distributed in the surface of the Bloch 



according to Eq. (2.27) and Eq. (2.32), respectively. As 
it is calculated in appendix B4, the other two variables. 



FIG. 3; On the left is the set of pure states in the equator 
of the Bloch sphere. The generahzed amphtude damping in 
Eq. (3.4), which is the optimal QCM for the states on left, 
is chosen with r — >• {^r^, "^''h) 3 + |''z)- In fact, its center 
can arrange from (0,0, i) to (0,0,-5). 



FIG. 4: On left is a set of states with sin 6 = ^ ^ while if) tak- 
ing an arbitrary value. It is a special case of the so-called 
mirror phase-covariant cloning with its optimal symmetric 
cloning machine, which is on the right, to be r — ^ |r*. All 
the Bloch vectors shrink with a factor of ?. 



a and a, should be 



sm a 



(n2)2 + 2(l-n2)2 
V2(l-^) 

(^)2 + 2(1-^)2 



(4.8) 



The unitary transformation with the optimal settings 
above is 

u\ t) ^ cos |i nt) + ^ sin I (I u) + 1 ;t)) I 
u\ \) ^ cos |i Hi) + ^ sin I (I n> + 1 ;t» 1 1>, 

Now, the diagonal elements of the transformation matrix, 
which hold for both the copies, are found to be, 

\/2 1 
?7a; = = — sina, 772 = -(1 + cosa), (4.9) 

while 5z — 0. Using Eq. (2.28), the optimal symmetric, 
which is for the case defined in Eq. (4.6), is derived out, 



F=\ + \ [nl + 7(n2)2 + 2(l-n2)2j , (4.IO) 

The Bloch vector transformation in Eq. (4.9) can be 
verified to be equivalent with the so-called symmetric 
Pauli channel (SP), £sp(p) = Ylim^mpEl^, with the op- 
eration elements. 



Ed = - 2a2 - 621, El = acr^ 

E2=aay,E3. = b(J:,, (4.11) 

with a = i sin f and h = ^(cos f - ^ sin f ). 

Example 1. The optimal universal symmetric QCM. 
Considering the special case, nf = 1/3 and 7i7 = 0, which 



appears in cloning all the unit Bloch vectors with equal 
probability. With sin ^ — -y/l/S and cos ^ — -\/2/3 from 
Eq. (4.8), the unitary transformation now takes the form 

U\ t) ^ v^l n)l t) + yT73|*+)| ;) and U\ i) ^ 
v/273| ;;)| ;) + v^|vl'+)| t) where 1*+) = ^{\ U 
) -h I it))- From Eq. (4.10), the optimal fidelity is = 
5/6. The well-known result given by Biizek and Hillery 
[2] , is recovered here. Certainly, the same result can also 
be given by the asymmetric universal QCM in Eq. (4.5) 
if p is set with 1/2 there. One may verify that a — b — 
\f\f^ from Eq. (4.11) and the symmetric Pauli Channel 
becomes the depolarizing channel. 

Example 2. Optimal mirror phase-covariant cloning. 
Recently, Bartkiewicz et al. proposed a quantum cloning 
machine, which clones a qubit into two copies assum- 
ing known modulus of expectation value of Pauli CTz ma- 
trix [7]. This is generalized version of Fiurasek origi- 
nal one of cloning the set of states with fixed value of 9 
[6]. The so-called mirror phase-covariant cloning (MPC) 

can be rephrased as to clone the states — cos|| f 
) + sin^e^*"^! l) with the polar angle takes one of the 
values, 9 and t: — 9, with an equal probability while 4> 
has an arbitrary value in the domain [0, 27r]. This set 
of states is characterized by the averaged length and 
fiuctuations, n'^ = n'^ — i sin^ 6^, n2 = cos2^,7T7 = 0. 
With these values in hands, we have the optimal setting, 

x/2sin^9 cos^e fromEq. 



sma = 



,cos a 



(4.8) and the optimal fidelity 



F 



1 



cos^ 9 



y/cos-^ 9-1-2 sin*' 



cos4 9 + 2 sin"* 



according to Eq. (4.10). An example of the mirror phase- 
covariant with cos 9 — l/\/3 is depicted in Fig. 4 where 
r — 2r/3. This example comes from the symmetric Pauli 
channel in Eq. (4.11) with a = b = 1/V6 there. 



8 



V. SYMMETRIC PHASE-DEPENDENT 
CLONING 

In above sections, several types of phase- independent 
cloning have been discussed. Usually, if rj^ ^ rjy, the 
single-copy fidelity should depend on the actual value of 
(j). Here, we shall discuss the symmetric phase-dependent 
QCMs for case with 



nl^nl^ 0. 



(5.1) 



As it is calculated in appendix B5, the optimal setting 
for such case is 



7 = 7 = — , a = 0, 5 = TT, 



,Tr -n2 + W(n2)2 + 8(n2+nr)2 
sin(- - = ^.-^ , . , (5.2) 

while /? takes an arbitrary value. This setting shall sim- 
plify the unitary transformation in Eq. (2.20) into 

C/|t)^(cos^|n)+sin^|U))|t), 



U\i) 



(in) + Ut))lt). (5.3) 



The vector transformation with its elements in Eq. (2.29) 
now take the simple forms, 

T]^ = cos(- - -),riy = cos(- + -),r], =5^ = - cos/3. 

(5.4) 

Jointing Eq. (5.4) and Eq. (2.28) together, we find the 
optimal symmetric fidelity 

F= i{l + cos(J-^)[^+sin(J-^)(;i2+^)]}. (5.5) 

In the operator-sum operation representation, the vector 
transformation with its elements in Eq. (5.4) is called 
the deformed amplitude damping, £dad, with its elements 

as 







V2 



cosf 
^ 



The term DAD comes from the fact that Ebjh) will reduce 
to the amplitude damping in Eq. (3.6) if /3 = 0. 

Example 1. Cloning two arbitrary pure states. The 
first study of state-dependent cloning is to perform sym- 
metric cloning of two states [3], say, jV'i) = cos|| f 

) -I- sin || I) and |i/'2) = cos || f) — sin || |), with equal 
probability 1/2. These states lie in the x — z plane of 
the Bloch sphere. Using s to denote the overlap of the 



states, s — cos 9 — (V'ilV'2), with n"^ 



1 



2 _ 



0, n2 = s'^jUz = s, we find the optimal setting of /3 in 




FIG. 5: On the left, two unit vectors with the relative angle 
^ are used to denote the two pure states with their overlap to 
be |. The optimal symmetric QCM is found with the vector 
transformation, the so-called deformed amplitude damping, 

on the right where f -i> (^^r^:, \ry, ^(1-1- r^)^ . Note that 
the rotation-invariance along the z axe, which usually appears 
in the phase-independent cloning, disappears here. 



Eq. (5.2), sin(f - f ) - i (-1 + s + Vl - 2s + 9s2) , 
and express the fidelity in Eq. (5.5) in the way like 

1 \/2 , 



F : 



+ :^(1 + s)(3 ~ 3s Vl-2s + 9s2) 



32s 



-1 + 2s + 3s2 + (1 - s)Vl - 2s + 9s2. 

It is the exact result which has been given in [3]. As an 
example, the optimal symmetric cloning for two states 
with s = i is depicted in Fig. 5. 

Example 2. Cloning two states with different proba- 
bilities. Consider a set containing just two states, 
and I ■02), with fixed overlap (0'i|'02) = \- Suppose 
the probability of 1-01) is denoted by /c, < A: < i, 
and 102) with a probability of 1 — fc. Following the ar- 
gument in Sec. II, we chose a Bloch-sphere represen- 
tation where the Bloch vector of p, p = fc|'0i)('0i| -I- 
(1 — k)\ip2){if2\i points along the direction of z. The 
two states are specified by their corresponding Bloch 



vectors, fi 



{ V3(l-fc) Q 



3fc-l 



0,; 



2Vl-3fe+3fe2 ' ' 2Vl-3/£+3/£2 
2-3fc 



) and ri 



), with the relative angle to 



^ 2v'l-3fe-l-3fe2 ' ' 2Vl-3/c+3fc 

be One may verify that n\ = kr\^ + (1 — fc)''! 



kriz + {l-k)r2z 



krf^ + {1- k)rl^ and nl = 0. The 



fidelities, F^. for each state \ifi) and the average fidelity 



(5-6) F, are found with = \{l + cos(f - §)[r2^ + sin(f 



f )(^ + n.)]} and F = i{l + cos(f - f )[n2 + sin(f - 
|)(n2 +nl)]}. For the case with fc = 5, sin(| - f ) = ^, 
we find that F^, ^ F^^ ^ F = \{\ + 2^), which 
can also be derived from Eq. (5.9) by letting s = ^ 
there. In general, if the probabilities k and 1 — fc are un- 
equal, the state with the larger probability should have 
the higher fidelity to be cloned. This can be seen from 
the extremal case with fc — > 0. With the optimal setting 
sin(f - f ) ^ ^ get from Eq. (5.2). The single-copy 

fidelities, F^^ — "^^^^ and F^.^ — !• 1, are different. The 
average fidelity F, F = kF^^ + (1 ~ k)F^2, approaches 1. 
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VI. DISCUSSION 

The asymmetric phase-covariant cloning plays an im- 
portant role in the BB84 protocol [17-19]. In Sec. Ill, 
the vector transformation for such case is shown to be 
the well-known generalized amplitude damping. In prin- 
ciple, it can be detected by using the approach of quan- 
tum process tomography [14] or the optimal estimation 
scheme developed in [20]. 

In conclusion, with the help of the Bloch vector trans- 
formation, we developed a scheme to design the opti- 
mal QCMs according to the Fiurasek's optimal condition. 
Our protocol is shown to be successful in recovering the 
known optimal fidelities for various input ensembles, and 
it should represents a general solution for the problem of 
optimal cloning in qubit system. 
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Appendix A: Some proofs for section II 

1. The proof for equation (2.21) 

The unitary transformation in Eq. (2.20), which makes 
the calculation of the average fidelity in Eq. (2.23) with 



a simple form, is rather special in the sense that both the 
matrices and are diagonal at the same time, a 
result which has not been shown before. There are suffi- 
cient reasons for us to give the derivation for Eq. (2.21) 
in detail and to make sure that there is no assumption 
needed here. 



Our proof is given for the general mixed state rather 
than the pure one. For an arbitrary state, p = ^{I + a-r) 
with r for its length and n in Eq. (2.6) for its direction, 
we can write it with an equivalent form, p = ^-^-li^) ii^l + 
i^|V-^)(V-^|, with IV) = cosfl t) +sin|e-''^| i) and 
l^-L) = sin 1 1 t) - cosfe-^'^l ;). Using [*) and |*-^) 
to denote U\ip) and U\t{j-^) respectively, we shall do the 
calculations, p^ = ^^TrBc\^){^\) + ^TrBc\^^){^^\ 
and p^ = i±^TrAc7|*)(*|) + if^Tr^c|*^)(*^|. After 
writing p'' as p'' = |(I -t- iJ • r*), we shall prove that the 
two vectors, r* for the k — th copy and r for input, should 
be related by the way in Eq. (2.19). 



Let's calculate rr_Bc|^')(^| at first. According to the 
definition of \tp) and the unitary transformation in Eq. 
(2.20), we write [*) as 



Q. B 6 OL 'y 6 J. 

I*) = (cos - cos - cos -I tA) + sin - cos ^ sin -e U)) O I t)s) O I tc), 

-|-(sm - sm - sm -e t^) + cos - sm -j^cos-\ Ia)) O | O | tc), 

-|-(cos-sm-sm-e "<'\ tA) + sm - sm - cos -| 4-a)) ® | ts) ® I 4-c), 

,.a 7 ^,.1 5 B . _,■ J, I , , , I , > , , ^ 

+{sm - cos 2 2 ' ' 2 2 '^^^ 2^ ' \ ^(^r 

After performing the operation of partial trace, we shall get a density matrix, f ^^'^ ) = Tibc\^}{^\i with 

ail = (cos — cos — h sm — cos — ) cos — h sm — sm — h cos — sm — ) sm -, 
^ 2 2 2 2' 2^ 2 2 2 2' 2 

, o a . o P . 1 ■ 2 1 \ 1^ , ■ 1^ 27 2'5 1&\ ■ 1^ 

022 = (cos — sm — hsm — sm — Icos — h (sm —cos — h cos —cos —ism -, 
^ 2 2 2 2^^ 2 ^ 2 2 2 2^ 2 

1 . „r a . a B 7 .a a ^ 7 
^12 = - smC/ e ^(cos — sm — cos — cos — h sm — cos — cos — cos — 

2 ^^2222 2222 

, -id,, a . a . IB . ^ .a a. ^.7. 
+e ^(cos — sm — sm — sm — -|- sm — cos — sm — sm — . 
^2222 2 22 2^ 

Noting that the Bloch vector of |'^-'-)('^-'-| is —n and the vector for |'^i')(V'| is n, 1tbc\^'^){'^'^\ can be calculated by 
substituting -k - 6 and tt -|- ^ for 6 and (j) in Trscl *)(*[, respectively. Denoting = ( ) = i±^|*)(*| -|- 
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i^|^-L^^\I>-L|^ the matrix elements should be, 

A 1 + r cos 9 , ^ a n B . ^ a ,7, 1 — r cos 9 , . ^ a , ^ ^ ^ a , ^ 13 , 

pfi = cos — cos - + sm^ — cos - H sm^ — sm^ - + cos — sm"" - , 

2^2 2 2 2^ 2^2 2 2 2^ 

^ l + rcos6» 2 " • 2 /3 , . 2" ■ 2 7i , l-rcos6' 2I , 2" 2^1 

P22 = 2 2^'^^ 2 ^^'^ 2^™ 2^ 2 ^^^^ 2^°^ 2 °^ 2^°^ 2^' 

while — '''^12 S'lid P21 — (Pi2)*- Defining = i(I + it • r^) with = Tr(CTip'^), we find = ry^r sin ^ cos 
Ty = r]y r sin 9 sin (p, and = + r]^r cos 9, where the parameters, rif and S^, take the form 

A a . a, (3 7 . /? . 7, .a a, /3 7 . /3 . 7^ 

?7„ = cos — sm — (cos — cos — + sm — sm — ) + sm — cos — (cos — cos — + sm — sm — I, 
2 2^2 2 2 2^^ 2 2^2 2 2 2^^ 



A a . a, /3 7 . /3 . 7x , . a a /3 7 . /3 . 7 

= cos — sm — (cos — cos — — sm — sm — ) + sm — cos — (cos — cos — — sm — sm — ) 
'y 2 2^2 2 22^^ 2 2^2 2 22^^ 



7?^ = - [cos^ ^ cos /? + sin'^ ^ cos 7 + cos'^ ^ cos /? + sin"^ ^ cos 7] , 

Zj Zi Z Zi Zi 

= - COS — cosa+sm — COS7 — cos — cosp — sm — COS7 . 
^ 2 2 2 2 2 

Recalling the fact that the initial state p is characterized by the Bloch vector r = r(sin6'coS(^, sin6'sin(/), cos0), the 
vectors, and f, can be proved to satisfy the vector transformation in Eq. (2.19). The reduced density matrix p^ , 
pB = i±iTr^c|*)(*| + ^TrAc|*"'")(*"'"|, can also be calculated in a similar way. The state U\il)) with the unitary 
transformation U in Eq. (2.20) can be rewritten as 

I*) = (cos - cos 2 cos 2 I + ^^"^ 2 ^''^ 2 2"" ' ^b))(^\ tA) O I tc), 

dc -a, cx 3 

= (sin - cos - sin -e"'''! ts) + cos - sin 2 cos 2 1 is)) ® | ® | tc), 

Oi (3 9 a "f 9 

= (cos - sin - sin 2^" I ts) + sin - cos 2 ^os 2 I Ib)) (8) | t^) (8) | ic), 

= (sm - sm 2 cos 2 1 ts) + cos - cos - sm -e "^1 4,3)) ® | ® | ic), 

which is convenient for performing Tr^c- Let ( ('i^ ) = TrAC'|\E')(\I'|, we shall get 

\ O12 "22 / 

Oil = (cos TT cos — + sm — sm — )cos - + (sm —cos — + cos — sm — )sin -, 
^ 2 2 2 2' 2^2 2 2 2^ 2' 

/ ■ 2 P .2'^ 2I \ 2^ /•2<5.27 2<5 2 P \ ■ 2^ 

O22 = (cos —sin — hsin —cos — )cos — h (sm —sin — h cos —cos — Isin -, 
^ 2 2 2 2'^ 2 ^ 2 2 2 2^ 2 

, 1 • /ir irf,/ a . a /3 . 7 .a a P . f . 

O12 = — smt' e cos — sm — cos — sm h sm — cos — cos — sm — 

2 ^^22 22 2 2 22^ 

a . a . 13 7 .a a . (3 7,, 
+e ^(cos — sin — sin — cos — h sin — cos — sin — cos — ) . 
^222 2 2 22 2'^^ 

The reduced density matrix, Tr^c'|^'-'-)('J'-'-|, can also be derived out by substituting n — 9 and tt + (/> for the angles 
9 and 4> in TrAc|^')(*| given above. Denote the Bloch vector for p^ , p^ = ^TrAc\'^){^\ + ^TrAc|*^)(*''"|, 
and rf = 'Tr{aip^), we shall get the results, = rj^rsinOcoscj), Vy = r]y r sin 9 sin (j), and rf = rifrcos9 + Sf, where 

R (y . CY ,^ . 7 . S 7 .0; o .5.7 . /? 7 

r?^ = cos — sin — (cos — sin h sin — cos — ) + sin — cos — (cos — sin h sin — cos — ) , 

2 2^ 2 2 2 2' 2 2^ 2 2 2 2^' 

R a . a, /? . 7 . ,S 7, .a a, P . j . P 7. 

r?„ = cos — sm — (cos — sm — — sm — cos — ) + sm — cos — (cos — sin — — sin — cos — ), 
'y 2 2^2 2 2 2' 2 2^2 2 2 2"^ 

B lr2Q^ /I .2O; oCK . 2 Oi 

?7, = - COS — cosp — Sin — cos7 + cos — cosp — sm — COS7 , 
iz 2^ 2 2 2 2 ^ 

cB lr2Q! ^ .2Q^ .2Q^ ~i 

0^ = - [cos — COS p — sm — COS 7 — cos — cos p + sm — cos 7J . 

Z Z Zi Zi z 



11 



With r = r (sin 9 cos (/), sin 9 sin 0, cos 6*) , the two vectors, and r, are shown to be related by the vector transformation 
in Eq. (2.19). By introducing the denotations, 7^ = 7, 7^ = 7, 7-^ = tt — 7, and 7-^ = tt — 7, all the transformation 
elements derived here can be written into the compact form in Eq. (2.21). 



2. Proof for Eq. (2.27) 

According to the definition that r]i = ^{rjf + rjf ) and 6z = ^{S^ + Sf), via Eq. (2.21), we have 

a . a TT p. TT 7 .a a .w l3 tt 7 
Vx = cos - sm - cos(- - -) cos(- - ^) + sm - cos - cos(- - -) cos(- - -), 

a . a ,7r /3, /^r 7, .a a ,n j3 . .tt 7. 
r?„ = cos — sin — cost — + — ) cosi t — 7: ) + sm — cos — cost — + — ) cosi — — — ), 
IV 2 2 2' M 2' 2 2 M 2' M 2' 

?7z = -(cos — cosp + cos — cos p),Oz = -(cos — COS p — cos — cosp). 

Zi Zi Zi z 

One may easily verify that, ^ cx sin(f - i), ^ oc sin(f - ^), and ^ = || = 0. For the fidelity in Eq. (2.26), 
F[lS) = i(l + ^ ■ r\in\ + 5zn7), there should be ^ oc sin(| — ^). In a similar discussion, we find ^ oc sin(^ — ^). 
So, we can get 7 = 7 = f by letting |£ = || = 0. 



Appendix B: Optimal settings for QCMs 

1. The CEise where Q is fixed. 

From Eq. (2.31) and Eq. (3.1), we have the average fidelity, = \(\ + ri\ii\\^ 9 + rj^ coa^ 9 + Jjcos^), with 
r)j_, T]^ and 5^ given in Eq. (2.33). Using = —i sin ^ [cos ^ sin ^ sin^ 6* + sin ^ sin7(cos^ 6 + cos^i)] and = 
J sin ^ [cos ^ cos ^ sin^ 6* + sin ^ sin7(cos^ 9 + cos 9)], with p^§^ + (1 ~ P)^wr ~ ^' ^'^^ equation get from Eq. (2.25), 
we arrive at sin § = 0. Putting it back into of fidelity in Eq.(2.31), we have = i[l + sin ^ cos ^ sin^ 9 + cos^ 9 + 
s\v? ^ sin^ ^(cos^ — cos^ 9)] and F^ = i[l + sin ^ sin ^ sin^ ^+cos^ ^ + sin^ ^ cos^ ^(cos6' — eos^ 9)], where there should 
be ^ = [cos I sin^ ^ + 2 sin f sin^ | (cos 9 - cos^ 9)] and ^ = ^ [sin | sin^ ^ + 2 sin f cos^ | (cos 9 - cos^ (?)] . 
One may easily verify that the equation, p^§^ + (1 ~ P)^M' — 0' ^ solution that cos ^ = 0. Finally, we find 
a = 0,a = IT, the optimal setting which maximizes F'^ if cos^ > 0. 



2. Optimal setting for the phase-covariant cloning 

For the phase-covariant case in Eq. (3.8), we also starts from Eq. (2.31) and get the average fidelities, 
F^ = i(l + sin ^ sin ^ cos ^ + sin ^ cos f cos ^) and F^ = i(l + sin ^ sin f sin ^ + sin ^ cos f sin ^). By requir- 
ing ^jr^^ ~ ^' ^® shall find the setting 7 = 7 which simplifies the above average fidelities with 

F^ = i(l + cos ^ sin 2i^) and F^ = ^(1 -|- sin ^ sin ^^). Finally, the result, a + a = w, can be easily achieved by 
asKing - u. 



3. Optimal proof for asymmetric universal cloning 

For the special case where nf = | while fh = 0, the fidelity in Eq. (2.31) should be, 

=,A 1 1, a , a 7 , a a 7, 1, o ce . n ct o 01 . n a 

t = — I — (cos — sin — cos — h sm — cos — cos — I -I — (cos — h sin — C0S7 -|- cos — h sm — C0S7), 
2 3^ 2 2 2 2 2 2^ 6^ 2 2 ' 2 2 

-n 1 1 a . fi . 7 , a a . 7, 1, , . o cx r,o. , o a 

= - + -(cos — sm — sm — + sm — cos — sm — ) + -(cos — — sm — COS7 + COS — — sm — COS7), 
2 3^ 2 2 2 2 2 2^ 6^ 2 2 ' 2 2 
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and a direct calculation shows, = — ^ sin ^ sin ^ (cos ^ + 2 sin ^ cos ~ i cos ^ sin ^ (cos ^ + 2 sin ^ sin 

— — i sin ^ sin |(cos ^ + 2 sin ^ cos = i cos ^ sin ^ (cos ^ + 2 sin ^ sin |), = ^(cos ^ cos ^ cos | — 

sin ^ sin ^ cos ^) — ^ sinQ:(l — COS7), = i(cos ^ cos ^ sin | — sin ^ sin ^ sin ^) — i sinQ:(l + C0S7), = 

^(cos ^ COS ^ cos ^— sin ^ sin ^ cos f ) — ^ sina(l— C0S7), and = ^(cos ^ cos ^ sin ^— sin ^ sin ^ sin |) — g sina(l + 
C0S7). With - = and - = 0, the two equations come from Eq. (2.25), 

we find a = a and 7 = 7 and arrive at the fidelities, F"^ = | + | sin a cos 2+5 (cos^ f + sin^ ^ cos 7) and 
= 5 + fsinasin^ + |(cos^ ^ — sin^ ^cos7), containing just two parameters, a and 7, here. Finally, from 

the two optimal equations, p^jr + (1 — P)^wr ~ ^ P^§a — (■'■ ~ P^^icT ~ ^' ^^'^ average fidelity above, we 
may get the optimal settings of a and 7 in Eq.(4.3). 

4. Proof for Eq. (4.8) 

By letting 7 = 7 = for Eq. (2.29), we get the fidelity, which is for the case defined in Eq. (4.6), with the expression 

that F = ^ + 1 cos^ ^(cos f + cos^ f ) + ^ sin^ ^(cos f sin f + sin f cos f ). Requiring |£ = H = 0, we shah get the 
optimal settings of a and a in Eq. (4.8). 

5. Optimal setting for Eq. (5.2) 

FromEq. (2.28)andEq. (5.1 ), the fidelity should be F = i{l + (l-nf)[cosf sinf cos(f -f )+sinf cosf cos(f - 
f )] + ^nz^(cos^ ^ cos^ + cos^ ^ cos/3) + i?i7(cos^ ^ cos/3 — cos^ ^ cos P)}. The setting a = tt, which is get from the 
result dF/dp oc cos f , simplifies the fidelity with F = ^{1 + (1 — n^) cos § cos(^ ~ 2 ) + ^('^z^ + ^) f cos /3}. 
The setting a = holds since ^ oc sin ^. The optimal setting of in Eq. (5.2), can be directly calculated from the 
equation dF/djS = with F = i{l + (1 - ^) cos(f - f ) + ^(V + rtj) cos/3}. 



[1] W. K. Wootters and W. H. Zurek, Nature(London) 299, 

802(1982). 

[2] V. Buzok and M. Hillory, Phys. Rev. A 54, 1884(1996). 
[3] D. Brufi, D. P. DiVincenzo, A. Ekert, C. A. Fuchs, 

C. Macchiavello, and J. A. Smolin, Phys. Rev. A 57, 

2368(1998). 

[4] D. Brufi, M. Cinchetti, G. M. D'Ariano, and C. Macchi- 
avello, Phys. Rev. A 62, 062302(2000). 

[5] V. Karimipour and A. T. Rezakhani, Phys. Rev. A 66, 
052111(2002). 

[6] J. Fiurasek, Phys. Rev. A 67, 052314(2003). 

[7] K. Bartkiewicz, A. Miranowicz, and S. K. Ozdemir, Phys. 
Rev. A 80, 032306(2009). 

[8] C.-S. Niu, and R. B. Griffiths, Phys. Rev. A 58, 
4377(1998). 

[9] N. J. Ccrf, Acta Phys. Slov. 48, 115(1998). 
[10] N. J. Cerf, Phys. Rev. Lett. 84, 4497(2000). 
[11] V. Buzek, M. Hillery, and M. Bendik, Acta Phys. Slov. 
48, 177(1998). 



[12] V. Scarani, S. IbUsdir, and N. Gisin, Rev. Mod. Phys. 77, 
1225(2005). 

[13] J. Fiurasek, Phys. Rev. A 64, 062310(2001). 

[14] M. A. Nielsen and I. L. Chuang, Quantum Computation 

and Quantum Information (Cambridge University Press, 

Cambridge, England, 2000). 
[15] K.Kraus, States, Effects and Operations: Fundamental 

Notions of Quantum Theory (Springer, Berlin 1983). 
[16] C.-S. Niu and R. B. Griffiths, Phys. Rev. A 60, 

2764(1999). 

[17] C. H. Bennett and G. Brassard, Proceedings of IEEE In- 
ternational Conference on Computers, Systems and Sig- 
nal Processing, 1984, Bangalore, /rirfia (IEEE,New York, 
1984). 

[18] C. A. Fuchs and A. Peres, Phys. Rev. A 53, 2038(1996). 
[19] C. A. Fuchs, N. Gisin, R. B. Griffiths, C.-S. Niu, and A. 

Peres, Phys. Rev. A 56, 1163(1997). 
[20] A. Fujiwara, Phys. Rev. A 70, 012317(2004). 



